STRONG Aoo WEIGHTS ARE ^oo WEIGHTS ON METRIC 

SPACES 
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Abstract. We prove that every strong Aoo-weight is a Muckenhoupt 
weight in Ahlfors-regular metric measure spaces that support a Poincare 
inequality. We also explore the relations between various definitions for 
j4oo-weights in this setting, since some of these characterizations are 
needed in the proof of the main result. 

1. Introduction 

The purpose of this paper is to study strong j4oo-weights and Aoo^weights 
in Ahlfors-regular metric measure spaces. In particular, we answer to a ques- 
tion proposed by Costea in [7J, and show that every strong Aoo^weight is 
an j4p-weight for some p < oo also in general metric setting. The space is 
assumed to be Ahlfors-regular and satisfy a weak (1, l)-Poincare inequality. 
We thus extend the result by Semmes [19] from to general metric spaces. 
The Euclidean proof used extensively the linear structure of M", for exam- 
ple convolutions and lines parallel to the coordinate axes. These tools are 
naturally not available in the metric setting. However, they can be replaced 
by more general methods. This shows, in particular, that the geometry of 
is not crucial to the result. 

Strong Aoo-weights were first introduced in M" by David and Semmes 
in [S] and [T2j when trying to characterize the subclass of Aoo-weights that 
are comparable to the Jacobian determinants of quasiconformal mappings. 
Later they have studied strong ^oo-weights, for example, in [20]. See also 
Bonk, Heinonen and Saksman [5] and [6J and Heinonen and Koskela [15] 
for further results concerning the quasiconformal Jacobian problem. Re- 
cently, strong Aoo-weights have been studied, for example, by Costea in [7] 
and [8] . In [7j he studies connections between strong ^oo^weights and Besov 
and Morrey spaces, and in [8] he extends the results to the metric setting. 
Strong Aoo-weights turn out to be useful in various applications, such as in 
studying elliptic partial differential equations, weighted Sobolev inequalities 
and Mumford-Shah type functionals. See, for example, [I], [1], [lO], [TT] . 
[12], [16] and [IT]. 

In Euclidean spaces, there are several equivalent characterizations for 
Aoo"Weights. For example, a weight is an Aoo~weight if and only if it satis- 
fies the reverse Holder inequality or belongs to the class Ap for some finite p. 
Some of these relations are needed in proving that strong ^oo~weights are 
AoQ-weights. However, in more general spaces, all of these conditions are 
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not necessarily equivalent, and, in particular, the class of Aoo^weights can be 
strictly larger than the union of Ap-classes, see Stromberg and Torchinsky 
|22| . In the last section of the paper, following [22], we study the relations 
between five different conditions in general metric spaces, and, in particular, 
we show that strong j4oo-weights satisfy all of them. Furthermore, we give 
some examples of weights that only satisfy some of the characterizations. 



2. Preliminaries 

2.1. Assumptions on the measure. Let {X,d,fj,) be a metric measure 
space, where /i is Borel regular. We assume that the space is Ahlfors Q- 
regular with Q > 1, i.e. there exists > 1 such that 

— r*^ < ii(B(x,r)) < CAv'^ 
CA 

for all X € X and r > 0. Notice that such a measure is always doubling, that 
is, there exists a constant C£) > 1 such that 

fi{B{x,2r)) < CDH{B{x,r)) 

for all X € A and r > 0. Later, XB denotes the ball with the same center 
as B but A times its radius. 



2.2. Modulus of a curve family and Newtonian spaces. Let 1 < p < 

oo. For a given curve family T in X, we define the p-modulus of F by 



modpF = inf / dfi, 
Jx 



where the infimum is taken over all nonnegative Borel functions p : X ^ 
[0, oo] satisfying 

pds>l (2.1) 



7 

for all rectifiable curves 7 G F. We remind that a curve is rectifiable if its 
length is finite. 

Let ti be a real-valued function on X. We recall that a nonnegative Borel 
measurable function 5^ on A is said to be an upper gradient of u if for all 
rectifiable curves 7 joining points x and y in X we have 

\uix)-u{y)\ < [ gds. (2.2) 

If the above property fails only for a set of curves that is of zero p-modulus 
then g is said to be a p-weak upper gradient of u. Every function u that has 
a p-integrable p-weak upper gradient has a minimal p-integrable p-weak 
upper gradient denoted gu- 

Finally, we recall that the Newtonian space N^'P{X) to is the collection 
of all p-integrable functions n on X that have a p-integrable p-weak upper 
gradient g on X. For the precise definition; see, for example, [2"lJ . 
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2.3. Poincare inequality. We assume that X satisfies a weak (1, l)-Poin- 
care inequality, i.e. there exists constants cp, A > such that 

f \u- UB{x,r) I d^l < Cpr f Qu dfi 

J B{x,r) J B{x,Xr) 

for all u G N'^^^{X), x £ X and r > 0. 

The following estimate is a consequence of the Poincare inequality; see 
for example Lemma 3.3 in [3] for a proof. 

Lemma 2.3. Let {X,d,fi) be a metric measure space, where ^ is doubling 
and X supports a weak (1, l)-Poincare inequality. Let T be a curve family 
consisting of all rectifiable curves joining B{xQ,r) and X \ B{xq, 2r). Then 

modi(r) > Cn{B{xQ,r))/r. 

The constant C > depends only on cd and cp. 

Next we define Ap— and strong 

-weights. 

2.4. weights. Let 1 < p < oo and \/p+l/q = 1. Let u be a nonnegative 
function on X. We say that oo is an Ap-weight, and write uj € Ap ii there 
exists constant c^j > such that 

J- uj dfi^ ^ J- dfi^ < Cuj 

for all balls B in X. 

We say that uj is an Ai -weight, and write w € if there exists a constant 
Cu, > such that 

ujdfi < Cu) ess inf uj 



i 



'B B 

for all balls B \n X. 

Finally uj is an A^o -weight and we write lo € A^o if there exists constants 
> and 5 > such that 

j^udu - \f^{B)J 

for all balls B in X and all measurable subsets E of B. 

We will discuss the relations between these definitions in Section HI 

2.5. Strong Aoo^weight. Let be a doubling measure on X. We associate 
to v the quasi-distance 5^{x,y) on X defined by 

6,ix, y) = HB{x, d{x, y))) + d{x, . 

We say that is a metric doubling measure, if there exists a distance function 
6 : X X X ^ [0, oo) and a finite constant C > such that 

^S{x,y)<6,{x,y)<CS{x,y) (2.4) 

for all x,y € X. Moreover, w € Lj^^{X) is called a strong Aoo-weight, 
u G 5*^400, if it is a density of a metric doubling measure, i.e. 

du = Lj dfi. 

Remark that the property ()2.4p can be characterized in the following way, 
which will be useful later. 
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Lemma 2.5. The condition ()2.4p holds if and only if there is a constant 
C > such that for any finite sequence xi, X2, ■ ■ ■ , Xk of points in X, we 
have 

k-l 

S^{xi,Xk) < C'^6u{xj,Xj^i). (2.6) 
i=i 

Proof. It is immediate that (12. 4p implies ()2.6|) . To prove the converse, define 

N-l 

S{x, y) = inf ^ (5j.(zi, Zj+i), 

i=0 

where the infimum is taken over ah finite sequences zq = x, zi, . . . , = y. 
Clearly 6{x,y) < d^{x,y) for all x,y & X, and ()2.6p implies that 5u{x,y) < 
C6{x,y). It is also easy to check that 5{-, •) is a distance function. □ 

The following theorems give some examples of strong Aoo-weights. 

Theorem 2.7. Every Ai-weight is a strong- A^-weight. 

Proof. Notice first that the statement of Lemma 12.51 holds if and only if it 
holds with the additional restriction that Xj G B{xi,2d{xi,Xk)) for all j. 
The proof is similar to the Euclidean case and can be found in |19j . 

Assume then, that oj ^ Ai and dv = Lodj^i. Let xi, . . . ,Xk be given and 
assume, that Xj € B{xi,2d{xi, Xk)) for all j. Write B = B{xi,d{xi,Xk)) 
and Bj = B{xj,d{xj,Xj+i)) for j = 1, . . . , /c — 1. 

Notice also, that since is doubling, it readily follows from the definition 
of 5i, that for all x,y £ X, we have 

iy{B{x, d{x, < 6,{x, y) < Cv{B{x, d{x, y)))^^, (2.8) 

where C depends only on the doubling constant. Then ()2.8p implies that 

\ i/Q 



8y{xj,Xjj^i) > i Lu dfi] > [ess ini LoY^'^ iJ.{B 
> (essinf(j)^/^^(Sj)i/«. 



6B 

Summing the above inequality over j = 1, . . . , A; — 1 we get 

k-l k-l 
6B 



^6^{xj,Xj+i) > (essinfw)^/'^^^(Sj)^/ 



> C( ess inf w)^^*^ d{xj, a;j+i) > C( ess inf oj)^^'^ d{xi, Xk) 

QB QB 

i=i 

> C7(essinfw)^/^^(5)i/«, 

where we used the triangle inequality and the Q-regularity of fi. Moreover, 
since uj is an ^i-weight, and fi is doubling, we get 

/ /. \ i/Q 
(essinfu;)^/^^(S)i/«>C f to dfi] ^x{Bf/^ 

6-5 V J&B J 

( f V^"^ 

>CIJ Ludfij >C6„{xi,Xk). 
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The proof follows now from Lemma 12. 5i □ 

Theorem 2.9. Let (X, dx, fJ-x) cind {Y, dy, I-i-y) be locally compact Q-regular 
metric measure spaces such that X supports a weak (l,p)-Poincare inequal- 
ity for some p < Q and let f : X —^Y he a quasisymmetric mapping. Then 
the Jacobian of f is a strong A^-weight. 

Proof. We write 

L{x,r)= sup dvifix), f{y)), l{x,r) = inf dY{f{x),f{y)), 

dx{x,y)<r dx{x,y)>r 

and recall that / is quasisymmetric, if it is homeomorphism with a positive 
and finite constant K such that L{x, r) < K l{x, r) for all x € X and r > 0. 
Moreover, remember that the generalized Jacobian is defined as 

^ r^o nxiB{x,r)) 

By the Lebesgue-Radon-Nikodym theorem, the limit exists almost every- 
where, and 

/ Jfdf,x = f^YifiE)) (2.10) 
Je 

for all measurable E C X, since the measures are absolutely continuous. 
Consider di' = Jf dfix- Let x,y ^ X and write d{x, y) = r. Then 

dY{f{x)J{y))'^ < Lix,rf < K%x,rf 

< CK'^fiYiBif{x),l{x,r))) < CK'^MfiBix^r))) 

= CK'^ [ Jfdfxx < CK'^S,{x,yf. 

J B{x,r) 

Here we used the Q-regularity and quasisymmetricity. On the other hand, 
5y{x,y)^ = / Jfdfix+ / Jfdfix 

= fiY{f{B{x,r))) + f,y{f{B{y,r))) 

< fiY{B{f{x), L{x, r))) + fiY{B{f{y),L{y, r))) 

< C{L{x,r)'^ + L{y,r)^) < CK^ {l{x,r)^ + l{y,r)'^) 
<2CK'^dYifix)J{y)f. 

Since dy (/(•), /(•)) is a distance on X, the claim follows. □ 

3. Main result 

In this section, we prove that strong j4oo-weights are ^oo-weights in 
Ahlfors regular metric spaces. First, we recall the Gehring lemma. A proof 
can be found, for example, in [IB], [23] and [3J. 

Theorem 3.1. Let 1 < p < oo and assume that f € Lj^^{X) is nonnegative 
and defines a doubling measure. If there exists a constant c such that f 
satisfies the reverse Holder inequality 

f Fdfi) <c-f fdfi (3.2) 
Jb J Jb 
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for all balls B of X, then there exists positive constants e and such that 



(3.3) 



for all balls B of X . The constant Cg as well as e depend only on the doubling 
constant, p, and on the constant in ()3.2|) . 

Now we are ready to state our main result. 

Theorem 3.4. Every strong Aoo-weight is an Aoo^weight. 

Proof. First, we construct a set of measures {t't}t>o that approximate v. 
Then we show that the measures {fi}t>o satisfy a reverse Holder inequality 
with uniform constants. Fix t > 0. Let {B^ = B{xi,t)}^^ be a collection 
of balls such that 

oo 

X = [jBj 

i=l 

and 

B{xi,t/5) n B{xj,t/5) = for ah i / j. 
Note that the doubling property of /i implies that 

oo 

J2X2BI<C. (3.5) 

i=l 

To construct a partition of unity, we define cut-off functions 

r 1, xe Bj, 

= < 1 - dist(a;, B*)/t, x G 25* \ Bj, 
0, xeX\2Bl 

and we set 



Let 



a* 



fx diy 

Since both fi and are doubling, and 
we have 

1 uiBl) 1 ujBl) u{2B^ u{Bl) 

ClABf) ^ C^Kwf) - - ^HiBf) - ^lAB\r ^ ^ ^ 

Finally, we define the measures z^t, t > as 



oo „ 

1 J A 



1=1 

Thus 



t 

A 



dfi. 



dut = uJtdfi= ^ a-(/)- dfi. 



,1=1 
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The doubling property of fi and u together with (j3.6p imply that for every 
x,y & X such that d{x, y) < 2t, we have 

^Wi(x) < uJt{y) < Cujt{x). (3.7) 

More precisely, we have 

where C depends only on the doubling constants of /i and v. 

Now fix a ball B{xo,rQ) in X. Let F be the set of all rectifiable curves 
7 : [0, L] — > X parametrized by arc length such that 7(0) G B{xo,rQ/2) and 
7(L) e dB{xo,ro). Fix 7 G F. 

If t > ro, then by <^ 



^UJt{xo) < UJt{j{s)) < CuJt{xo) 

for every s G [0, L] and thus we have 

5.(7(0), 7(L)) <CHB{xo,r,))yQ = Cro ^^^.^1"°' ^"jj'/,^ 

/i(S(xo,ro))V« 

<CL.;4(xo)i/'3 < C7 rw,(7(z))i/Qdz. 

JO 

Here we also used the doubling property of u, the fact that 

ro/2<d(7(0),7(L)) <2ro, 

and Ahlfors Q-regularity of /i. 

Now condiser the case t < tq. Let k be the integer part of L/t. Using the 
previous estimate. Lemma 12.51 and the doubling property of u, we obtain 

Jo J{j'^)i -^kt 

k k 

> l/CY,u{B{^{jt)M"^ > 1/C^5.(7((J - l)t),7(jt)) 

i=i j=i 
>l/CS,{-f{0),jiL)) 

Thus for every 7 G F we have 

i/(5(xo,ro))i/^ <C [ w^^ds. 

If we define 

_ ^ i/Q 

^ u{B{xQ,ro)y/Q'^' Xi?(-o,ro)> 

then p satisfies (12. ip for every 7 G F and consequently 



modi(F)< / pd^i= ^ I uj]'^ dp. 

Jx l'{B{xo,ro))'-/^ JB{xo,ro) 
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This combined with Lemma 12.31 gives 

i/Q / „ \ i/Q 

1/Q ^ (^-9^ 

'i?(xo,ro) 

where C is independent of t, xq and tq. The first two inequahties above 
follow from the definition of ut and the doubling property of v. 

If we set / = u>y^ , the Gehring lemma [XT] now implies that there exists 
e > such that 



/ ujtdfi] <c(-f 

^JB{xo,ro) J \Jl 

<cl -f Lodfi] <C -f 

\JB{xo,ro) J Jl 



Jb(xo,to) / Je 



l+e/Q 

B{xo,ro) 



with C independent of t, xq and tq. By Lemma 14.21 in the next section 
this implies that tot is an ^oo-weight, and there exist p > 1 and C > 0, 
independent on t, such that 

-AEl<c(i^Y" (3 10) 

for all balls B and measurable subsets E C B. 
Next, we show that 

weakly in the sense of measures as i — 0. In order to do that, fix an open 
set U C X. Denote 

Ue = {xeU : d{x,X\U) > e} 

and 

I* = {i : 2B* cU} = {i ■ (p\ = OinX\U}. 
By the definition of ff, we have 

^ Jx n Ju f^, Jx n dfi Ju 

= I Y,4>idu>u{U4t). 



Thus 



Wm.YQ.i ut{U) > liminf z^([/4j) = v{U). 



Since this holds for all open sets U C X, the claim follows. 

Next we show that (I3.10p holds true for v, and thus w is an weight. 
To this end, fix a ball B, a measurable set E C B and an open set V such 
that E <zV <Z B. Note that the weak convergence of vt implies that 

limsupft(5) < ^{S) 

for all closed sets S C X, and by the doubling property of u we have 

i^(B) < v{2B) < CDy{B) 
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for all balls B C X. Consequently, 



< Climinf^)-^ < C, , 
t^o vt{B) \KB)J 

Since ii is Borel regular, taking infimum over all such V finishes the proof. 

□ 

4. Characterizations for j4oo-weights 

There are several equivalent characterizations for ^oo-weights in the Eu- 
clidean setting. However, all of them are not necessarily equivalent in gen- 
eral metric spaces. In this section, we study the relationship between these 
conditions in metric spaces that are only assumed to statisfy the doubling 
condition. Most of these results can be found in [25], but for completeness, 
we have included the proofs here. 

Recall the definitions of Ap-weights from Section 12. 4[ It follows immedi- 
ately from the definitions that for every 1 < p < q < oo we have 

Ai C Ap C Aq C 

Moreover, in the Euclidean case, 

p<oo 

Also in the metric setting, an ^p~weight is always an ^oo~weight, but there 
exist metric spaces, where the class of j4oo-weights is strictly larger than the 
union; see [22] and Example 14.11 

Next, we state five conditions that are equivalent in the Euclidean setting. 
For more definitions and the Euclidean case; see [13]. We consider a slightly 
more general situation first. Let ly be an arbitrary measure on X. We say 
that v is a weighted measure with respect to fi is there exists uj € Lj^^{X) 
such that for every //-measurable set ^ C X we have 



viA) = u> dfi. 



A 



We define the conditions: 

(1) There are < e,5 < 1 such that for each ball B and each measurable 
set E <Z B, we have u{E) < (1 — S)u{B) whenever fJ.{E) < efi{B). 

(2) There are constants c > and p > 1 such that 

HE) ^ (mV'' 

u{B)- \^,{B)J 

for each ball B and each measurable set E B. 

(3) is a weighted measure with respect to fi, and there exist positive 
constants e , C such that the weight lo satisfies the reverse Holder 
inequality 

Jb J Jb 



10 RIIKKA KORTE AND OUTI ELINA MAASALO 

for all balls B. 

(4) is a weighted measure with respect to /x, and there exist constants 
c > 0, p > 1 such that 

HE) (KE)y 

v{B)- \^,{B)J 

for each ball B and each measurable set E C. B. 

(5) is a weighted measure with respect to /u, and the weight oj is in Ap 
for some p > 1. 

If only the measure is assumed to be doubling, we obtain the following 
relations between the conditions above in the metric setting: 

First we make some immediate remarks. The condition ([l]) follows easily 
from ([2]), and, since (P) is symmetric with respect to u and ^, it follows also 
from dl]). Condition (jlj) follows from ([5]) by applying Holder inequality on 



Jb 



In addition @ implies that v is doubling. 

The following example shows that in general metric spaces, the conditions 
([3]) and (jl]) are not necessarily equivalent: 

Example 4.1. Let X = {x = {xi,X2) G : € {1,2},X2 € [0,1]}. We 
endow X with the metric 



d{x,y) 



2, xi / yi. 



and the onedimensional Lebesgue measure. Now let Li;((l,a;2)) = ja 
a;((2, X2)) = 1. This weight clearly satisfies condition ([2]), but it cannot 
satisfy condition since it is not doubling. 

Lemma 4.2. ([2]) ^ ([3]) 

Proof. We give a sketch of the proof. If we assume ([2]) , the absolute continu- 
ity part in ([3|) is clear. We fix a ball B and write E\ = {x ^ B: uj{x) > A}. 
Then by (l2|), we have 



i/p 



and, hence 

lx{E^) < mm{is{B),c{u{B)y{\fi{By/n')}. 
Now (jSj) follows from 

r /"OO 

/ w^+^d^ = (l + e) / X'ii[Ex)d\ 

JB Jo 

with < e < g - 1. 

On the other hand, ([2|) follows from ([3|) by applying first the Holder and 
then the reverse Holder inequality to I'iE) = xe^ d^. 

Notice, that the doubling property of ^ is not needed here. □ 
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The proof of the fohowing lemma is similar to the Euclidean case; see 
131. 



Lemma 4.3. ([2]) & (jH) ^ (P 

The proof of the following theorem is based on ideas in [22j. However, 
the proof we present here is organized in a different way and contains more 
details. 

Theorem 4.4. // v is doubling, then (pP) ^ ([2]) and (P ^ (gD . 

In order to prove Theorem 14.41 we introduce the notion of telescoping 
sequences of sets. 

Definition 4.5. Let s > 0. We say that {J'k}k=i is a s-telescoping sequence 
of collections of balls, !Fk = {Bi^k}'i^ii provided that 

• Bi^k n Bj k, for each i ^ j and k. 

• For each B G !Fj., /c = 1, 2, . . . , A;o — 1, there exists B G J^k+i such 
that _ 

sB C sB. 

The following lemma is a standard covering argument, see for example 
Theorem 1.2 in [14J. We have formulated it here to emphasize the fact that 
the cover can be chosen in such a way that every ball in T is included in 55 
for some B £ Q. 

Lemma 4.6. Every family T of balls of uniformly bounded diameter in a 
metric space X contains a disjointed subfamily Q such that 

U 5 C U 5B. 

Ber Beg 

In fact, every ball B from !F meets a ball from Q with radius at least half 
that of B. 

Now we are ready to prove Theorem 14.41 

Proof of Theorem \4-4\ We show that ([T]) implies ([2]) . Note that in this proof, 
CD denotes a constant that only depends on the doubling constants of ^ and 
z/, but it is not necessarily exactly the doubling constant. 

Fix a ball Bq = B{xq,R) and a measurable set E C Bq. To prove the 
assertion, we will construct a 5-telescoping sequence of collections of balls 
J-k, k = 1,2, . . . ,kQ, where ko is an integer such that 

< ^(^E)/f,{Bo) < {e/clt^^\ (4.7) 

and the following properties hold: If 

Ek:= \J B and Ek := |J bB, (4.8) 

then we have E <Z Ei, E^^ C 5-Bo) and 

v{Ek-i n S) < (1 - 5)u{B) (4.9) 
for all B £ J^k. Here (5 is as in ([1]). Note that (|4.7p implies that 

> 'oMEmm _ ^ 

log(e/4) 
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We may assume that ^{E)/^{Bq) is small enough so that ko is positive, 
because if ^{E)/^{Bq) is bigger than any fixed constant, choosing c big 
enough makes the right-hand side of ([2|) bigger than one. 

Once such a telescoping sequence of collections of balls has been con- 
structed, the conclusion follows since 

u{Ek^{) = v{Ek-i n Ek) + HEk-i \ Ek) 

< <^k-i nB) + u{Ek \ Ek) < (1 - 6/cD)HEk). (^-^^^ 

Here we used the fact that Ek is a union of disjoint balls satisfying ()4.9p . 
Ek-i C Ek, and that 

J^{Ek) < CDv{Ek). 

The last estimate above follows from the doubling property of v. Iterat- 
ing ()4.1ip . we obtain 

v{E)/v{B^) < CDv{E)/v{hB^) < CDv{Ei)/v{Ek,) < cd(1 - <5/cd)'"~'. 

Then ([2]) follows by ()4.10p with constants c and p depending only on 5, e 
and the doubling constants of ^ and v. Now it remains to construct the 

We start with Ti. Let x S ii^ be a Lebesgue point of X. Then we have 

pL{Er\B{x,r)) 

lim ; ; = 1, 

r^o ij,{B[x,r)) 
and hence there exists > such that 

fi{EnB{x,re)) 



fi{B{x,rs)) 
On the other hand, for all r > 0, 



> e. (4.12) 



fi{EnB{x,r)) fi{E) 

^i{B{x,r)) - fi{B{x,r)y ^ ' ' 

where the right-hand side tends to zero as r tends to infinity since E is of 
finite measure. We set = 2"'r£, where n is the smallest positive integer 
such that 

^i{EnB{x,r^)) 



IJ'{B{x,r^)) 

By (|4.13p such an n exists, and by the choice of and (|4.12p . it follows that 

fi{EnB{x,r,/2)) 



< e. (4.14) 
of and (|4.12p , it follows that 
> e. (4.15) 



fi{Bix,r,/2)) 

Now the doubling property of /i together with (I4.14p and ()4.15|) implies that 
efi{B{x, r^))/cD < fi{E n B{x, r^)) < en{B{x, r^)). (4.16) 

Now let J^i be a pairwise disjoint subfamily of the balls {B{x,rx)}xeE 
given by the 5-covering Theorem 14.61 Note that we are actually only able 
to cover Lebesgue points of E but it is enough, since //-almost every point 
is a Lebesgue point. 

Now let El and Ei be defined by (14. 8p . Next, we replace E by Ei and 
construct J-2 the same way as we constructed J-i. Moreover, we repeat the 
procedure /cq times and construct J^k by replacing E above by Ek-\. 
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Next, we show that E^g C 5Bq. Assume, by contradiction, that there 
exists m < ko such that Em ^ ^Bq. Then there exist balls B{xk,rf:) € J^k, 
k = 1,2, . . . m such that 

Xk+i £ B{xk,5rk), k = l,2,...,m-l, 

and B{xm,5rm) ^ 5Bq. Since E C Bq, we also know that B(xi,ri) inter- 
sects Bq. This implies that 

m 

Y,^rk>ARo. (4.17) 

k=l 

Note also that since E^^i C ^Bq, also Xm S 5i?o- Next, we need an estimate 
for the measure of E^. First, by (j4.16p . we obtain 

li{Ek) = /i( U 55) < CD /u(5) < ^ 5^ ^^{Ek-l n B) 

2 2 

= ^^i{Ek-i n ^fc) < ^fi{Ek-i). 

Write Eq = E. By iterating the above inequality and by using ()4.7I) we get 

/^(i^fc) < (^^J KE) < [^j KBo) (4.18) 

for A: = 0, 1, ... , /cq- 

The doubling property of fi and the fact that Xk € 5i?o, A; = 1, 2, ... m, 
implies that there exists s > depending only on the doubling constant of 
fj, such that 

5rkY < ^lA^m n{Ek) ^ ^( e y^^'-' < 
5r) -^^K^)-^Wo)-^\^J 

for k = 1, 2, ... m. The last inequality above follows from (j4.18p . From this 
we deduce that 

m ko 
k=l k=l 

Here constant C depends only on the doubling constant. If fi and u satisfy 
(1) for some < e < 1, they satisfy it for all smaller e as well. Thus we 
can assume that e is small enough to guarantee that the right-hand side of 
the above inequality is less than 4i?. However, this contradicts (|4.17p . Thus 
Ek C 5^0 for ah A; = 1, 2, ... , ko. 

Next, we verify that {Tk}kLi is a telescoping sequence of collections of 
balls. First, by construction, the balls in J^^ are pairwise disjoint for k = 
1,2,..., ko. 

Finally, if B{x,r) G Tk-i, then B{x,5r) C E^-i. Hence, in the construc- 
tion of Tk, Tx > 5r, since (|4.14p with E replaced by E^-i cannot hold for 
any smaller radius. As B{x, r^) is one of the balls that is available when we 
use the covering argument to choose T^, we have B{x,5r) C B{x,rx) C 5B 
for some B ^ T^. This shows that also the second condition for telescoping 
sequences holds and thus the collection is telescoping. 
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Since and u satisfy condition ([T]), we conclude from (j4.16p with E re- 
placed by Ek-i that (14. 9p holds for every k = 1,2, ... ko. This completes 
the proof of (H} ^ ([2]). 

Since ([I]) is symmetric with respect to /j, and v, and ([1]) is ([2]) with the 
roles of fi and u interchanged, we also get ([I]) ^ dl]). □ 

If the function r i— > fj,{B{x,r)) is continuous for every x £ X, then it is 
rather easy to show that the condition ([T]) implies that i' is doubling and 
consequently the conditions ([I])-© are all equivalent, see Theorem 17 on 
page 9 in [22]. In particular if X is a geodesic space and fj, doubling, the 
conditions are equivalent. However, the following example shows that there 
are doubling metric measure spaces supporting a (1, l)-Poincare inequality 
where r i-^ iJi{B{x,r)) is not always continuous. It would be interesting to 
know whether the conditions ([I])-® are necessarily equivalent in this type 
of spaces. 

Example 4.19. Let X = S U H d M", where 5 is a unit sphere centered 
at the origin and H \s a {n — 1) -dimensional hyperplane that contains the 
origin. We endow the space with the (n — 1) -dimensional Lebesgue measure 
and the metric inherited from M". Now the function r i— > fj,(B(0,r)) has a 
discontinuity at r = 1. 

A combination of the results in this section gives us the following: 

Corollary 4.20. If i' is a doubling measure, then the conditions ([l])-© are 
equivalent. In particular, if dv = to dfj, with oo £ SA^q , then /i and v satisfy 
all the conditions. 

Remark 4.21. If p < oo then for every lo G A^, the measure dv = ujdfj, is 
doubling. Therefore, Lemma f4. 3 1 and Theorem 14. 4 1 imply that an ^QQ— weight 
is an ^p-weight for some p < oo if and only if the weight defines a doubling 
measure. 

Now, by Remark 14.211 we obtain the following. 
Corollary 4.22. Every strong AoQ-weight is an Ap-weight for some p < oo. 
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